A note on top down and bottom up analysis of strongly connected digraphs  by Chaty, G. & Chein, M.
Discrete Mathematics 16 (1976) 309--311. 
9 North-Holland Publishing Company 
A NOTE ON TOP DOWN AND BOTTOM UP ANALYSIS 
OF STRONGLY CONNECTED DIGRAPHS 
G. CHATY 
Universit~ Paris Nord, Paris, France 
M. CHEIN 
Institut de Programmation, UniversitJ de Paris I/1, 75005 Paris, France 
Received 2 July 1975 
Revised 16 December 1975 
Knuth proposed to compare his method and those of Luce for studying strongly connected 
digraphs. Changing Knuth's notation slightly we construct a set of strongly connected igraphs 
which is equal to the set of the compound circuits defined by Luce. (Let us recall that Luce proved 
that a minimal strongly connected igraph is a compound circuit.) 
In this paper, we only consider digraphs without loops or parallel arcs. Knuth [1] 
proposed to compare his method and those of Luce [2] for studying strongly 
connected igraphs. Changing Knuth's notation slightly we construct a set of 
strongly connected igraphs which is equal to the set of compound circuits defined 
by Luce. 
Definition 1. A digraph G is reducible if it can be represented as in Fig. 1; p ~> 2, G~ 
is either a single vertex or a strongly connected igraph, (y, xf§ is an arc of G, xi 
and y~ are possibly equal vertices of G. Clearly all these digraphs are strongly 
connected. 
Fig. 1. 
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Such a decomposition will be called a K-decomposition (K for Knuth). 
Definition 1 comes from Knuth's Lemma 1 (see [1]) in which we exchange 
"p/> 1" by "p ~> 2". With this substitution, a strongly connected igraph is not 
necessarily reducible, even if it is an anti-symmetric one (see Fig. 2). 
Fig. 2. 
Definition 2. A digraph G is a totally reducible digraph if it verifies one of the 
followirLg properties: 
(i) G is a single vertex, 
(ii) G is reducible and has a K-decomposition for which the digraphs G~ are 
totally-reducible. 
Definition 3. Let G be a totally-reducible digraph. At least one rooted-tree can be 
associated to  G as follows: the root is labelled by G, the successors of a 
non-pendent vertex labelled by H are labelled by the totally-reducible digraphs Hi 
of a K-decompositio n of H, all pendent vertices are labelled by" graphs with only 
one vertex. Such a rooted-tree will be called a K-rooted-tree of G. 
The depth d of a totally-reducible digraph G is the maximum height of the K- 
rooted-trees of G (the height of a rooted-tree is the maximum length of the paths). 
A K-rooted-tree of height d will be called an optimum K-rooted-tree. 
Definition 4. A digraph G is a compound circuit of order c >~ 0 if it verifies one of 
the following properties: 
(i) c = 0, G is a single vertex; 
(ii) c = 1, G is an elementary circuit; 
(iii) c >12, G is formed from one compound circuit G' of order c -1  by 
replacing some vertex x of G'  by an elementary circuit o', each arc (y~,x) (resp. 
x, y,) by one and only one arc (y,, zi) (resp. z~, y,) where z~ Et r  (Luce [2] introduced 
this notion). 
Such a transformation will be called circuitic extension of x in G'. Clearly, all these 
digraphs are strongly connected. 
Definition 5. Let G = (X, U) be a digraph where X = {x,,..., x,}. An elementary 
circuit cr=[x, xz...xkxl] of G is "contractable if the quotient multigraph G/o" 
associated to the partition {x~, x2 . . . . .  xk}, {x~§ {x,} does not contain loops or 
parallel arcs. 
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Lemma 1. A digraph G is a compound circuit of order c if and only if there exists a 
family of digraphs {Go, G~ . . . . .  Go} such that Go is a single vertex, G, = G and, for 
each i = 0 . . . .  , c -  1, there exists a contractable circuit o" in G~+~ such that Gj = 
G,.dor. 
Lemma 2. Let G be a totally-reducible digraph and let x be a vertex of G. The 
digraph G' obtained by a circuitus extension of x in G is totally-reducible. 
Proof. By induction on the depth. The property is true for a totally-reducible 
digraph of depth 0. Let G be a totally-reducible digraph of depth d/> 1, and let x 
be a vertex of G. Let us consider a K-decomposition of G which is the first level of 
an optimum K-rooted-tree of G.I .et G~ be the digraph containing x.The circuitus 
extension of x in G leads to a K-decomposition of G' :  G~, G2 . . . . .  G~-I, G~, 
G~+~ . . . .  where G~ is the circuitus extension of x in G~. By induction, G~ is totally- 
K-reducible, therefore G '  is too. 
Theorem. A digraph is a compound circuit if and only if it is totally-reducible. 
Proof. (1) By induction on the depth, we prove that if G is totally-reducible then G 
is a compound circuit (cc). If G is totally-reducible of depth 0 or 1, then trivially G 
is acc  (of order 0 or 1). 
Let us assume the property holds true for each totally-reducible digraph of depth 
~< d - 1 and let G be a totally-reducible digraph of depth d, d ~> 2. We can consider 
a K-decomposition of G which is the first level of an opt imum K-rooted-tree of G. 
By induction, each of the G~ is a cc. Then, by Lemma 1, it is possible to successively 
contract each of G~ to a vertex. Thus G becomes an elementary circuit, then by 
Lemma 1, G is a cc. 
(2) By induction on the order, we prove that if G is a cc, then G is 
totally-reducible. If G is a cc of order 0 or 1, then trivially G is totally-reducible. 
Let us assume the property holds true for each cc of order ~< c - 1 and let G be a 
cc of order c, c >~ 2. There exists a contractable circuit o- of G such that G' = G/cr 
is a cc of order c -1 .  By induction, G '  is totally-reducible. G is a circuitus 
extension of the vertex cr in G' ,  then, by Lemma 2, G is totally reducible. 
Acknowledgm6nt 
The authors would like to thank the referee for his helpful comments. 
References 
[1] D.E. Knuth, Wheels within wheels. J Combin. Theory 16 (B) (1974) 42--46. 
[2] R.D. Luce, Two decomposition theorems for a class of finite oxiented graphs, Am. J. Math. 74 (1952) 
701-722. 
